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The cosmological concordance model considers that approximately about twenty per cent
of the energy/material composition of the Universe is constituted by some non-baryonic,
non-interacting matter (except through gravitation and, perhaps, weak interaction) that
is known as dark matter. Although there is much indirect observational evidence for the
existence of dark matter, we have so far been unable to obtain any direct observation
of it, and there is not even a consensus on which particles (outside the standard model)
might constitute it. Among the many candidates that have been proposed to explain
dark matter, one of the most interesting for modern cosmology is primordial black holes.
Such primordial black holes could have been formed spontaneously from extreme local
overdensities as a result of density fluctuations that emerged during the first moments
after the Big Bang.
In this work, we will review the theoretical background behind this idea, starting from
simple models and then relaxing some of the assumptions of these models to consider
more realistic scenarios. Subsequently, we will use the most recent gravitational wave
observations from the public data of the LIGO and Virgo experiments to update, if pos-
sible, the current estimations of the contribution of primordial black holes to the total
dark matter budget fPBH, as a function of its mass in the range [10
−1, 103] M that form
short-period binary systems.
We have estimated that the maximum fraction of dark matter that primordial black
holes constitute for a simple model is of the order of fPBH ≈ 10−4 in the mass range
[100, 102] M, becoming less restrictive for the rest of the mass range. When we have
considered more realistic cases these constraints become weaker, obtaining a value of the
order of fPBH ≈ 10−3 in the mass range [100, 102] M.





El modelo de concordancia cosmológico considera que aproximadamente un veinte por
ciento del contenido energético/material del Universo está constituido por algún tipo de
materia no bariónica y no interactuante (salvo a través de la gravitación y, tal vez, de
la interacción débil) que recibe el nombre de materia oscura. Aunque existen numerosas
evidencias observacionales indirectas de la existencia de la materia oscura, por el momen-
to no hemos podido obtener ninguna observación directa de la misma y ni siquiera existe
consenso acerca de qué tipo de part́ıculas (fuera del modelo estándar) pueden constituir-
la. De entre los muy variados candidatos que se han propuesto para explicar la materia
oscura, uno de los más interesantes para la cosmoloǵıa moderna son los agujeros negros
primordiales. Dichos agujeros negros primordiales podŕıan haberse formado espontánea-
mente a partir de sobredensidades locales extremas fruto de las fluctuaciones de densidad
que emergieron durante los primeros instantes tras el Big Bang.
En este trabajo revisaremos los fundamentos teóricos que subyacen tras esta idea,
partiendo de modelos sencillos y posteriormente relajando algunas de las suposiciones de
dichos modelos para considerar situaciones más realistas. Posteriormente, haremos uso de
las más recientes observaciones de ondas gravitacionales a través de los datos públicos
de los experimentos LIGO y Virgo para actualizar, si es posible, las cotas actualmente
existentes a la posible contribución de agujeros negros primordiales al balance total de
materia oscura fPBH, en un rango de masas de agujeros negros primordiales [10
−1, 103]
M que forman sistemas binarios de periodo corto.
Se ha estimado que la fracción máxima de materia oscura que constituyen los aguje-
ros negros primordiales asumiendo un modelo sencillo, es del orden de fPBH ≈ 10−4 en
un rango de masas [100, 102] M, volviéndose menos restrictivas para el resto del rango
de masas. Cuando se consideran casos más realistas esta cota se vuelve menos restrictiva,
obteniéndose un valor de dicha fracción del orden de fPBH ≈ 10−3 en un rango de masas
[100, 102] M.
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Physics, by definition, is the science that deals with energy, matter and the interac-
tions between them. However, despite great progress has been made by the physicists in
understanding the matter and energy that compound our Universe, we still know too little
about the 95% of them.[1] This large part that we still do not understand is composed of
dark energy and dark matter (DM), which constitute the 68% and 27% of the Universe
respectively. In this work, we deal with the search for dark matter since it is a field that
has been rapidly growing in recent years.
Dark matter is believed to be a kind of matter that interacts mainly via gravitation
force. In fact, its discovery by Fritz Zwicky occurred by comparing the mass of galaxy
clusters to their luminosity, observing that there exist some invisible matter that does not
contribute to its luminosity. Currently, we know more properties about the dark matter
thanks to the study of its dynamics in galaxies and galaxy clusters and of the role it plays
in the formation and evolution of the large scale of the Universe. We know, for example,
that dark matter particles are cold, i.e. they do not move at relativistic speeds, because
otherwise dark matter would not remain bound in gravitational wells where galaxy clus-
ters could be formed. We also know that dark matter particles must be non-baryonic,
because otherwise they would have played a dramatic effect in the nuclear reactions that
took place during the Big Bang Nucleosynthesis (BBN) and the Universe’s chemical com-
position would be very different to what we observe today. Additional evidence of the
non-baryonic nature of dark matter come from the study of the Cosmic Microwave Back-
ground (CMB) temperature anisotropies.
During the last few decades, many dark matter candidates have been proposed, from
more or less exotic kinds of particles, like axions, to larger compact astrophysical objects.
A dark matter candidate, which is being a source of potential interest, are primordial
black holes (PBH). The PBHs are hypothetical black holes that were formed in the early
Universe by the collapse of large density perturbations. This candidate of cold dark matter
is non-baryonic since it was formed before the BBN and it only interacts via gravitational
force. Moreover, their formation mechanism allows a very large range of possible masses
that could explain some cosmological features like the matter-antimatter asymmetry [2]
or the galaxies formation [3].
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The existence of primordial black holes causes observable effects on different features
of the Universe. For that reason, the study of PBHs is based on using these features
to place constraints in the fraction of dark matter that they constitute. It is given by
fPBH = ΩPBH/ΩDM, where ΩPBH is the density parameter for primordial black hole density
and ΩDM is the density parameter for dark matter density. We will see some of these
constraints in Figure 1.1, where the shaded regions show the fPBH values that cannot be
taken because they are greater than their maximum value. The effects used to obtain
these constraints are:
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Figure 1.1: Main constraints on the fraction of dark matter fPBH in the form of PBHs
with mass MPBH. In this case, it has considered monochromatic mass function and initial
uniform distribution of PBHs.[4]. Shaded regions: the fPBH values that cannot be taken
because they are greater than their maximum value.
Evaporation. ”Black holes evaporation” is based on the black hole mass reduction
due to the emission of Hawking radiation. This hypothetical radiation increases
when the isolated black hole has a lower mass, reducing its half-life. Therefore,
it is possible to establish lower constraints considering that the primordial black
holes that constitute dark matter have to be stable up to the present day. These
lower constraints are given by M∗ ≈ 10−18 M, i.e. the primordial black hole
whose mass is less than M∗ have already completed their evaporation, and hence
do not constitute dark matter at present. Furthermore, a little more massive PBH
(M∗ < MPBH < 10
−16M) should currently be evaporating, producing in the process
a γ-ray background [5] or energetic particles like neutrinos [6] which are detectable.
These observable effects could be used to set constraints to their abundance.
Microlensing. The microlensing effect occurs when a massive compact object is
located along the line of sight of a light source and the observer, causing distortion
or amplification of that light. The PBHs with masses in the range of 10−11 M <
2
MPBH < 10
3 M could produce this effect in a measurable form for us. There
exist different microlensing experiments depending on the type of light source the
commons are the study of stars [7], quasars [8] and supernovae [9]. As black hole
evaporation, the measurements based on this effect provide constraints on the dark
matter fraction.
Accretion As compact objects, primordial black holes attract gas and dust around
them, giving rise to an accretion disc. In the nearest part of the accretion disk, the
energy density is huge due to the high rotational speed and friction. This energy
density is high enough to emit X-rays [10] and naturally radio waves [11], which are
detectable from the Earth. These detections result in an upper constraint for the
PBH with a mass greater than one solar mass. It is also possible to derive the
constraints from the distortion of the cosmic microwave background (CMB) caused
by the density perturbation of large PBHs masses. [12]
Dynamical. The primordial black holes exert an interaction with their environ-
ments. Consequently, if the PBHs exist, it could produce effects like the collisions
with stars, changes in wide binaries spatial distribution or energetic interactions
with neutron stars [13] and white dwarfs [14]. All these effects produce constraints
on the abundance of massive PBHs since we could indirectly detect them.
Gravitational waves. There exists the possibility that the primordial black holes
formed a binary system in the early Universe. These binary systems produce grav-
itational waves (GW), as they are accelerated objects so massive that they disturb
space-time, propagating through space at the speed of light. The emission of these
GW causes the loss of energy from the system, which could cause them to merge.
That merge generates waves so intense that they are detectable with ground-based
detectors such as LIGO/Virgo. These detections allow us to establish the possible
merger rate of binaries that are merging at present. As both the number of binaries
and the number of binaries that eventually merge will depend on the initial con-
ditions of the PBHs, we can obtain information from them. Among these initial
conditions, we could obtain the maximum abundance of PBHs. [15] Also, it is possi-
ble to establish the abundance’s constraints by measuring a stochastic background
of gravitational waves since many of the binaries could have merged given such a
residual background.[16]
The last constraint is becoming popular since binary black holes are now being detected
by experiments such as LIGO and Virgo. The binary black holes detected are of unknown
origin so they could be primordial black holes. These detections have raised curiosity as
they could be a direct detection of dark matter.
In this work, we will focus on the study of GW abundance constraints given by the
merge of primordial black holes binaries at present. For this purpose, we will perform a
theoretical calculation of the merger rate that will be compared with the most recent data
provided by LIGO/Virgo. In this way, we will not only analyse the constraints but will
also allow us to update them. This estimation requires knowledge of the initial properties,
which are currently unknown, and the different effects during their evolution. The main
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initial conditions that determine each model are the initial spatial distribution and the
initial mass function.
As the process of formation of these primordial black holes is not completely defined,
there is a possibility that they could have an initial uniform spatial distribution (IUSD) or
initial clustered spatial distribution (ICSD). Although it is thought that the most proba-
ble situation is that the distribution is uniform, the other possibility has to be considered.
On the other hand, the mass function, which corresponds to the probability that the PBH
initially had a certain mass, can be classified into extended mass functions (EMF) and
monochromatic mass function (MMF). The extended mass function considers that prob-
ability of the PBHs have a range of mass, and in the monochromatic mass function, it is
considered that all black holes have the same mass. In Figure 1.2, it is shown the diagram
of the different models that we will consider. All these models have been developed over
the years and improved as more information is found both from LIGO/Virgo detections
and from the possible formation scenario. Also, the interaction of the black holes with
their initial environment conditions (IEC) is considered in the models.
Figure 1.2: Schematic representation of different models that we will consider to estimate
the merger rate. We denoted as ICSD the initial clustered spatial distribution, as IUSD
the initial uniform spatial distribution, as MMF the monochromatic mass function, as
EMF the extended mass function and IEC, as the initial environmental conditions.
Whether they constitute all dark matter or only a fraction, primordial black holes
could explain many cosmological features, [17] as well as provide a better understanding
of our Universe. That is the reason why PBH have become a hot topic in the literature,
particularly since LIGO/Virgo started reporting GW merger events in 2015.
1.1. Objectives and structure of the work
The structure of this work will be divided into three chapters.
Chapter 2. It aims to provide the reader with a background on primordial black
holes. It will introduce concepts such as their formation, their evolution when they
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form binary systems, and how we can detect them. In addition, some concepts will
be introduced in detail as they will be used in the following chapters, so we rec-
ommend reading them before the subsequent chapters. Some knowledge of General
Relativity is required.
Chapter 3. This is the main chapter of the work and its objective is the theoretical
development of the merger rate of primordial black holes. We will first seek to
obtain its expression for the simplest case, where all black holes are assumed to
have the same mass. Then, we will generalise this development to more realistic or
different cases, such as the case of a spatial clustering distribution. Additionally,
we will observe the behaviour of the total merger rate in each case. Some of the
developments that help to follow the chapter have been added in Appendix A.
Chapter 4 Finally, we will obtain the PBH abundance constraints comparing the
previously developed theoretical models with the most recent experimental analysis
published from LIGO/Virgo measurements. In some cases, we will use the most
recent data getting to update it. These constraints will allow us to compare different
models and a general idea of the fraction of dark matter that these primordial black
holes constitutes in the mass range [10−1, 103] M will be also given at the end of
the chapter. In this way, we can characterise and learn more about this dark matter
candidate.
It is noteworthy that a set of numerical calculations will also be done both to obtain the
plots shown throughout the work and to provide all PBH constraints. These codes can
be obtained from https://github.com/AbramPerezHerrero/MergeRatePBH.git.
It will be considered throughout the work that c = G = 1.
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Chapter 2
Evolution of primordial black holes
In this chapter, we will first discuss briefly their possible origin focusing on the simplest
case that is the collapse of large density fluctuation, in 2.1. We will then deal with the case
where primordial black holes form binary systems and their evolution. As will be seen in
2.2, they are characterised by the emission of gravitational waves, which will gradually
reduce the energy of the system. Finally, in section 2.3, the merger of such binary systems
will be discussed, in particular the observations that these events produce.
2.1. Primordial black holes formation
There exist many theories about the formation of primordial black holes since the
conditions in the early Universe are unknown. Some of the more exotic ones are collapse
of cosmic loops, collapse of domain walls and bubble collision.[5] However, one of the
well-studied scenarios involves the collapse of large density perturbations in the early
Universe. Whatever the origin of these fluctuations is, they could cause overdensities
capable of opposing the expansion of the Universe and collapse, forming a black hole.
In this section, we will briefly explain this formation scenario, which will serve as a
background to understand the reason this work deals with different models. In-depth
theoretical analysis is out of the scope.
2.1.1. Large density fluctuations
The first physicists that deal with primordial black holes were Stephen Hawking and
Bernard Carr.[18]. They started from the idea that the early Universe had to be inho-
mogeneous and highly dense to form galaxies or other large-scale structures. In this
inhomogeneous early Universe, ordinary density perturbations could exist with a density
large enough for the gravitational force to be stronger than the radiation pressure and
the expansion of the Universe. This process is similar to type II supernovae, where the
compression of matter can produce a compact object such as a black hole. Therefore, if
the density contrast δ ≡ (ρ− ρ̄)/ρ̄, where ρ is the density and ρ̄ is the background density,
exceeds a critical density threshold δc, which considers the opposite effects of collapse,
there exists the possibility of forming a primordial black hole. We will see this mechanism
in Figure 2.1.
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Hawking and Carr considered that the Schwarzschild radius of primordial black holes
had to be similar to the value of the horizon radius at the time of formation. Their
explanation for this was that a smaller Schwarzschild radius would imply that collapse
had already occurred earlier, and a larger radius would imply that collapse had not yet
occurred. Taking this equality as a starting point, the mass of the primordial black hole















where MH is the horizon mass, which is the mass given by the volume of the Hubble
horizon during the radiation era. This mechanism allows, as mentioned above, the PBH
mass range to be so wide.
Therefore, in the simplest scenario, following the equation (2.1), if all primordial black
holes were created at a specific time, they could have the same mass, i.e. a monochromatic
mass function. However, there exists some deviation of this simple scenario. One of these
deviations is the critical collapse in which the PBH mass still depends on the horizon mass.
Nevertheless, there is a relationship between the mass of primordial black holes and the
amplitude of the density perturbation. This theory of critical collapse was developed in
the 1990s since critical collapse could occur when the density perturbations reach the
density threshold.[4] This relationship is given by
MPBH = κMH(δ − δc)γ , (2.2)
where γ and κ are parameters that depend on the shape of the density perturbations and
the equation of state of the expanding Universe[19].
An important fact to note is the spin of primordial black holes. The spin of the as-
trophysical 1 black holes is large since, by conservation of angular momentum, when the
black hole is formed by the rotating gas, it has to spin very quickly. However, this does
not happen with primordial black holes in this formation scenario since if we consider the
isotropic principle, the total rotation of the density perturbation is null. Therefore, We
expect that the PBHs have not spin or have a slight spin provided by the influence of
other compact objects (of an order of 0.01). This effective spin is measurable by merging
binary black holes in LIGO and Virgo. [20]
This formation mechanism does not provide us with a concrete initial spatial distribu-
tion of PBHs, as it depends on the type of primordial perturbations that were present in
the early Universe. These perturbations are usually modelled as a Gaussian random field
whose fluctuations have physical scales that are described by a given power spectrum.
Structures (including PBHs) can collapse around the positions of the local maxima of the
fluctuation field if the density exceeds a certain critical threshold. The positions of these
maxima can be uncorrelated among each other, or they can be clustered across scales de-
fined by the power spectrum (or, equivalently, the two-point correlation function). Figure
1We denote as astrophysical to the black holes which origin is stellar.
7
2.1 shows both scenarios: PBH formation with (right panel) and without clustering (left
panel).
Figure 2.1: Representation of two different density perturbations examples in the func-
tion of space. Left: Gaussian perturbation in a certain volume without spatial correlation
with the others density perturbations which implies initial uniform spatial distribution,
illustrated in the panel below. Right: three Gaussian perturbations in a certain volume
with spatial correlation, which implies clustered initial distribution, illustrated in the
panel below.
Primordial black holes must have been formed before the Big Bang Nucleosynthesis
(BNN) because otherwise, as we have discussed above, they would have played a dramatic
effect in the nuclear reactions that took place during the Big Bang Nucleosynthesis and
the Universe’s chemical composition would be very different to what we observe today.
For that reason, if we consider the standard model of Big Bang cosmology, the radiation
domination era is the only stage that the PBHs could have been formed. Although there
are some exotic cosmological models where a matter domination era occurred before BBN,
they still have not observational evidence.
2.2. PBHs evolution between formation and merger
Once primordial black holes have formed, depending on some initial factors such as
their abundance, mass or spatial distribution, they can evolve in many ways. However,
the evolution of interest in this work occurs when they formed binary systems in the early
Universe. Although PBHs in these stages are exposed to different forces such as pressure
or the expansion of the Universe, if they are close enough, the gravitational force can
dominate, giving rise to binary systems of PBHs as we will deal with in chapter 3. Such
systems are not stable since, as well as other effects, they loose energy by the emission of
gravitational waves. This limits the half-life of these systems, as will be seen in subsection
2.2.1, and ends in a very energetic process called merger, which will be briefly discussed
in subsection 2.3.
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The formation of binary systems of primordial black holes is not limited to the early
Universe. Two primordial black holes could locate in the halos of galaxies close enough
that their kinetic energy is lower than their gravitational energy, becoming gravitation-
ally bounded together at present. Such binaries have a very short half-life and quickly
merge. However, articles like [21] suggest that this kind of binaries are a subdominant
contribution to the total merger rate observed by experiments such as LIGO or Virgo.
The merger rate is obtained by knowing the time it would take for the hypothetical
binary systems to collapse, considering the energy loss by the emission of gravitational
waves. To get it, we will follow the articles [22] and [23] as well as the book [24].
2.2.1. Coalescence time
Gravitational waves are a consequence of the gravitational field equations of General
Relativity, in a similar way to electromagnetic waves and Maxwell’s equations. Although
we will not do the complete analysis of the gravitational field equations, it is noteworthy
that we will use the following approximations :
The weak field approximation assumes that the curvature caused by the PBH binary
is small enough to consider that space-time is flat. Thus, we will use the Minkowski
metric to describe it. As a result, it is possible to obtain the linearized equations of
the field whose solution corresponds to the gravitational waves.
As with electromagnetism, the field will depend on the distance between the source
and the observer. If we consider that it is far enough away, we could realise a
multipolar extension where each of the terms corresponds to the moments that
generate the field. This approximation is the so-called Multipole expansion. In the
case of gravity, the only momentum to be considered is the quadrupole moment
tensor. With this approximation, the calculations are simplified.
We will assume that black holes are a compact gravitational source with a very short
extent compared to the distance in which we will consider the field. It is called as
compact-source approximation.
Under these approximations, the quadrupole moment tensor for a slow-moving source
with proper density ρ, which is the one that generates the gravitational waves, is given
by the following expression
I ij =
∫
ρ(t, ~x)xixjd3~x . (2.3)
The energy and the angular momentum loss by emission of gravitational wave, obtained


















Jij = Iij − (1/3)Iδij , (2.5)
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corresponds to the reduced quadrupole-moment tensor and I represents their trace and
the notation []r implies that the expression should be evaluated at the retarded time, i.e.
the time it takes for the gravitational force to exert between the PBHs pair, given the
finite speed of the interaction.
We can now obtain the energy lost by GW emission in a binary system formed by two
PBH with masses M1 and M2 following an elliptical orbit in xy plane as shown in Figure
2.2.
Figure 2.2: A schematic of the binary system with an elliptic orbit to be analysed. The
coordinates used are shown.
For simplicity, we will consider the centre of masses as the centre of coordinates. So
the coordinates of each of the primordial black holes will be given by
[xi1] = (d1 cos θ, d1 sin θ, 0)
[xi2] = − (d2 cos θ, d2 sin θ, 0) .
(2.6)
Since the centre of coordinates corresponds to the centre of masses, using the reduced









We will also assume that PBHs have a reduced extension so that they can be considered
point masses. Therefore, the proper density will be described by Dirac delta functions δ
such as














d cos θ)δ(x22 +
µ
M2
d sin θ)]δ(x32) .
(2.8)
By integrating this density as in the equation (2.3), it is straightforward to see that the
quadrupole-moment tensor is expressed as
I ij(t) = d2µ




whose reduced quadrupole-moment tensor is
J ij(t) = d2µ
1/3 + cos 2θ sin 2θ 0sin 2θ 1/3− cos 2θ 0
0 0 −2/3
 . (2.10)
If we consider the Kepler’s laws to an elliptic orbit, the total distance between the two
bodies and the angular velocity Ω = θ̇ is as follow
d =
a(1− e2)






where e is the eccentricity and a is the major semi-axis of the binary. Using these equations
the calculation of the third derivative of the reduced quadrupole momentum tensor can














a5(1− e2)5 . (2.14)
Where we have considered that the distance between the two black holes is small enough
for the retarder time to be negligible.
We will average for one complete period of the elliptical orbit T = 2π/ω0 where
ω20 = (M1 +M2)/a














































In the same way, we could obtain the value of the lost angular momentum using (2.4)















Once the energy and momentum lost per unit time have been obtained, we will estimate
the time required for the binary system to merge. For that aim, we will start assuming

























































[1 + (73/24)e2 + (37/96)e4]
(1− e2)[1 + (121/304)e2] (2.22)











where c0 is a constant that depends on the initial condition.














M1M2(M1 +M2) . (2.25)
Finally, we have obtained the value of the coalescence time solving the (2.24) differential
equation and considering that the initial orbital parameters are e0 and a0. However, this
equation only has an analytic expression when e0 → 1 or e0 → 0. In this work, the
interesting case is the binaries with high eccentricity, as they have a shorter lifetime since
we have to make sure that the binaries merge at least at present time t0 , i.e. tc < t0 .







To summarise, the coalescence time will be given mainly by the value of the masses
composing the binary system and its orbital parameters. It is larger for small masses and
for the large initial major semi-axis.
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2.3. Primordial black hole binary merger
As we have discussed in the previous section, after some time the binary systems of
primordial black holes get closer together due to the loss of energy and momentum. This
approaching causes, by conservation of angular momentum, the angular velocity to in-
crease until they eventually merge into a single black hole. That process is the source of
a type of gravitational wave known as an inspiral GW.
The inspiral gravitational wave is divided into three phases: inspiral, merger and ring-
down. The inspiral happens when black holes get closer together, causing their angular
velocity to become larger. This scenario implies that the gravitational wave emitted in
this phase is a wave with a progressively increasing frequency. The merger begins when
the PBHs are in the innermost stable circular orbit (ISCO) until they merge. Finally,
the ringdown (Rd) is when the merger is over, resulting in a single black hole. All these
phases are shown in Figure 2.3
Inspiral Merge Rd
Figure 2.3: The different phases of an inspiral gravitational wave are shown. Blue:
correspond to the inspiral phases when the PBHs begin to decrease their separation.
Magenta: represent the merger phases when the PBHs collapse. Black: are the ringdown
phases and a new huge PBH has been formed. We have used the gravitational wave data
of LIGO/Virgo to obtain the signal figure.[25]
These gravitational waves provide us useful information about the binary system such
as the chirp mass 2, the effective spin, etc. and we are able to catalogue each of the events
in a range of masses. However, it is difficult to know the source of their origin since in the
mass range that is detectable by LIGO/Virgo it is indistinguishable whether the black
hole is primordial or astrophysical. For that reason, the existence of primordial black
holes has not yet been confirmed.
On the other hand, if we assume an initial hypothesis, as the measures are caused by
a combination of primordial and astrophysical, this allows us to analyse the concordance
between the number of mergers measured by LIGO/Virgo and that determined by the
theoretical model. This model will depend, among other things, on the abundance of
2In a binary the chirp mass is given by M = (M1M2)
5/2/(M1 + M2)
1/5 where M1 and M2 are the
masses of each black hole.
13
primordial black holes in the early Universe, so by analysing the agreement we can obtain
the constraints on their abundance. These constraints as will be discussed later in chapter




Theoretical estimation of merger
rate of Primordial black holes
binaries
In this chapter, we will introduce the estimation of the merger rate of primordial black
hole binaries. As the estimation of this merger rate will depend on the assumptions we
make, we will first review it and its implications in 3.1. In the following section, we
will start by estimating the merger rate in the simplest model, in which we will con-
sider a monochromatic mass function. This case, although less realistic, is interesting for
academic purposes and it will allow us to establish the basis for the remaining calculations.
Afterwards, once the merger rate is obtained by taking into account the monochro-
matic mass function in 3.2, we will generalise this case by assuming an extended mass
function in 3.3. Finally, we will deal with an approximation of the effect on the merger
rate due to the clustered spatial distribution in 3.4. The estimation obtained in these sec-
tions will be used for the analysis in the next chapter, where we will get the constraints
on the abundance of primordial black holes. Articles [21], [26] and [27] provide a guide
for the calculations of the merger rate assuming monochromatic mass function, extended
mass function and clustered spatial distribution, respectively.
3.1. Notations and assumptions
As it was discussed in the previous sections, it is necessary to accept some assump-
tions to obtain the merger rate at present. The main assumptions to be considered are
the mass function and the spatial distribution of primordial black holes since the merger
rate varies significantly depending on them. The first one is the probability distribution
of a black hole to have a certain initial mass. The other is related to the probability of
locating another primordial black hole in a volume. In the 3.1.1 and 3.1.2 subsections, we
will explain in detail these assumptions and their implications.
Furthermore, we will consider throughout this work that the Universe geometry is
described by the Friedmann-Lemaitre-Walker-Robertson metric and the CDM model with
15
cosmological parameters given by [1].
3.1.1. Initial mass function
In the previous sections, we have explained that depending on the primordial black
holes formation mechanism, their masses could be either different or equal. For that rea-
son, we will deal with both assumptions to observe the variation in the constraints in
both cases and to consider as many cases as possible.
Primordial black holes mass can be considered as a continuous random variable since it
can take any value. So we will define a probability function that describes the continuous
probability distribution of masses, which is called the probability density function (PDF).
For simplicity, we will name it as the mass function ψ(M), whose main property is that
the integral of the whole set of masses has to be equal to one,∫
ψ(M) dM = 1 , (3.1)






















Figure 3.1: Probability distribution functions for the four different mass functions con-
sidered in this work.
This mass function will be divided into two cases to cover the major number of forma-
tion scenarios since the kind of probability distribution the PBH masses follow is unknown.
These mass functions are the monochromatic mass function and the extended mass func-
tion, as we have discussed above. Although the formation mechanism or theory that
allows such mass distributions is beyond the scope of this work, we have been decided to
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focus on three typical extended mass functions, in addition to the monochromatic mass
distribution. Therefore, the mass functions to be considered are:
1. Log-Normal mass function. Since the PBHs masses depend on the formation
mechanism where independent random variables have to be considered, the Central
limit theorem could be fulfilled. For that reason, it is common to follow a distribution
of this type. The mass function corresponding to this distribution has the following
expression,










where σ is the standard deviation of the mass distribution and Mc is the normal
mean mass.
2. Monochromatic mass function. This mass function describes a distribution
where a single mass value is possible. For that, it is the simplest mass function
we can introduce to use in the calculations of the merger rate and it can be used
as an approximation in some models where an average mass is used to describe all
primordial black holes. This function needs only one parameter, which is the only
possible mass of the PBH M0, and it is given by
ψ(M) = δD(M −M0) , (3.3)
where δD is the Dirac delta function.
Other useful way to define this mass function is to consider a Log-Normal mass
function as (3.2) with a very low sigma value σ ≈ 0.05 and Mc = M0. This ap-
proximation is possible for all extended mass functions, but the Log-Normal is the
simplest case. Also, this approximation produces a change in the merger rate re-
sults. However, it could be valid for an estimation.
3. Power-law mass function. It is another of the most common functions to describe
the probability distribution, as it considers the possible lower limit of masses pre-
dicted by some of the formation models. Furthermore, we will introduce a function
to smooth the shape of the function to have better-behaved, called the smoothing
function S. This function is defined by
S (M |Mmin, δm) =

0 M < Mmin
[g (Mmin,M, δm) + 1]
−1 Mmin < M < Mmin + δm
1 Mmin + δm < M
(3.4)
with










where δm is an extra parameter, which refers to the extent of smoothing and has
units of solar mass, and Mmin is the lower mass cut-off. Therefore, the Power-law
mass function, whose power index α, is given by
ψ (M | δm, α) ∝M−αS (M |Mmin, δm) . (3.5)
The minimum mass is considered as Mmin ≈ 3 M [28]. This mass function will
consequently be given by two parameters.
4. Critical Collapse mass function. It is similar to a Power-Law function mass
except for huge masses, which has an exponential upper cut-off at Mf . This mass
function is typical since black holes are considered to have been formed by a critical
collapse where we will expect that the most to have the critical mass, and there is
an exponential decay for higher masses.[29] This function is given by





where β is the power-law index, whose common value is β = 2.85. [30]
3.1.2. Initial spatial distribution
As happens with the mass distribution, the initial spatial distribution depends on the
formation mechanism and the perturbations that generate the PBHs. In this work, we
will deal with the uniform spatial distribution and the clustered spatial distribution. We
will consider both distributions since they are possible in many formation scenarios. In
the following subsections, we will determine the differential probability of locating a black
hole in a given volume.
3.1.2.1. Uniform spatial distribution
Before starting with the calculation of the probability of locating a primordial black
hole between the volume V and V + δV , we will consider in this case that the initial
distribution is uniform and satisfies:
The expected number of PBH depends only on the volume. In addition, the volume
it is expected to find a PBH is considered as V0.
The probabilities of locating a primordial black hole in two different regions are
independent.
Since it satisfies these conditions, we will start by defining the differential probability of
locating a primordial black hole in V + δV as
dP (V + δV ) = P̄ (V )P (δV ) , (3.7)
where P (δV ) is the probability to find PBH in the infinitesimal volume and P̄ (V ) is the
probability of not find the first neighbour PBH in a volume V .
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This probability of non-locating the first neighbour PBH in V can be obtained by us-
ing the following expression
P̄ (V + δV ) = P̄ (V )(1− P (δV )) with P(δV) = dV/V0 . (3.8)
If we now consider that the probability of non finding in the null volume is one, the
solution of (3.8) equation is given by
P̄ (V ) = e−V/V0 . (3.9)







3.1.2.2. Clustered spatial distribution
There are some formation scenarios where primordial black holes form in clusters. It
is common in the study of these clusters to consider a function called a two-point corre-
lation. This function will describe the excess probability of finding the nearest neighbour
primordial black hole when they are in a cluster, ζ(V ). So, as the value of the two-point
correlation function increases, the effect of the lumpiness and the non-independence of
the location of PBHs will be stronger.
To generalise the probability obtained in the previous section taking into account the
two-point correlation function, we will consider that the number of black holes in a volume
V will be given by N = n
∫
V
















The two-point correlation function will depend on some factors such as the formation of
black holes, their mass distribution or their abundance. However, given the limitations
of this work, we will consider the ideal case in which the correlation function does not
depend on the comoving volume and hence, is constant (ξ + 1) ≈ ζ in cluster radius x̃.












where we will refer to ζ as a clustering parameter.
The effect of clustering will be more or less noticeable in the result of the merger rate
calculation, depending on the value of parameter ζ, where ζ = 1 corresponds to the initial
uniform distribution. When the clustering parameter is close to one, its effect on the
merger rate will be weaker than the change between any parameter of the mass function,
as shown in [27].
Although the probability obtained in this subsection is approximate, it will be useful
to compare how much the clustering effect can affect our estimation of the merger rate.
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3.2. Merger rate estimation considering monochro-
matic mass function and initial uniform spatial
distribution
In the section, we will obtain the merger rate assuming a monochromatic mass function
and a uniform spatial distribution of PBHs. Despite this is an unrealistic model due to it
is no-possible to produce a monochromatic mass function, it is a good starting point for
the rest of the merger rate calculations. Furthermore, we will compare this merger rate
with the merger rate given by LIGO/Virgo in the next chapter.
3.2.1. Basic concepts
Let us begin by assuming that the primordial black hole binaries decouple from the
Hubble flow at the early radiation era. It means that the gravitational force exerted by
each PBH is stronger than the force of the Universe expansion, as we will discuss below.
Furthermore, we have to consider that the PBH density could constitute only a fraction of
the total dark matter density and therefore, the value of the PBHs abundance is given by
fPBH ≈ f/0.85, where we consider that ΩDM ≈ 0.85 Ωm. Therefore, the mean value of the








where M is the mass of all the primordial black holes, ρeq is the density at equality and
it is assumed that the volume is spherical.
However, we will deal with the dimensionless variable X for simplicity of calculation.
This variable will give us an idea of the comoving distance between the two black holes x






The merger rate will depend on the angular momentum L and the initial distance between
the black holes, considered as the major semi-axis a because of having an elliptical orbit.
As happens with the comoving separation, we will deal with the dimensionless angular





1− e2 , (3.15)
where e is the eccentricity. We have used in the last equality step the definition of the
angular momentum per unit reduced mass l, which is
l = 2L/M2 = (2Ma(1− e2))1/2 . (3.16)
Another factor to consider is the possibility that if primordial black holes do not constitute
all the dark matter. In that case, the remaining dark matter density perturbation could
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exert an extra tidal force that changes the initial conditions of PBHs. The value of this












where we consider ns = 0.965± 0.004.[1] This factor causes suppression in the merger rate
since it disturbs the initial orbital parameters, and we will approximate this value for the
range of mass (10−4 − 103)M as σeq ≈ 0.005.
3.2.2. Initial major semi-axis
Once we have defined the basics concepts, we will deal with the description of the
initial semi-axis major a for PBH binaries. Therefore, we have to solve the equation of
motion of primordial black holes by considering their gravitational attraction and the force
exerted by the Hubble flow. Using a Newtonian approximation of gravitational force, the









where τ is the proper time and vH is the Hubble velocity given by the Hubble law vH = Hr.
In order to simplify the motion equation (3.18), we will define the scale factor normalised
to the unit of the scale factor at equality era, s = a/aeq. Hence, the Hubble constant in







where h(s) is the normalised Hubble constant assuming that the density parameters of
curvature and dark energy are negligible and it is given by h(s) = (s−3 + s−4)
1/2
.
Let us now rewrite the equation (3.18) in terms of normalised scale factor instead of











|χ| = 0 , (3.20)
with λ ≡ 4πρeqx
3
3M
= X/f , (3.21)
where we have used the (3.14) and (3.19) equations and λ is a dimensionless parameter.
Since in the initial formation era the PBHs motion is dominated by the Hubble flow
χ(s) ≈ s, the boundary conditions are given by
χ(0) = 0 χ̇(0) = 1 . (3.22)
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We will assume that the PBHs decouples from the Hubble flow in the early radiation-
domination era, i.e. s 1. It implies that λ 1 and we can approximate the normalised
Hubble constant as h(s) ≈ s−2. The (3.20) equation could be rewritten as
χ̈− 1
s2





|χ| = 0 . (3.23)
We will take the numerical solution of this differential equation numerically from [21].
They obtain that the binary decouples from the Hubble flow at s ≈ λ/3 as we had
assumed. Also, they obtain that the solution oscillated with amplitude |χ| ≈ 0.2 λ = r/x
where r corresponds to twice the value of the PBH binary semi-major axis. Therefore,
the initial semi-major axis is given by,






where we have used (3.13) and (3.21) equations in the last equality.
3.2.3. Initial angular momentum
The PBH binaries, once decoupled from the Hubble flow, will be subjected to the
gravitational force exerted by the rest of the PBHs and by the large density perturbations
at this time. As the exerted forces to the binary have different directions and intensities,
we will account that these forces behave like a local tidal field T1.
It is now noteworthy to point out that the effect of the local tidal field in the binary’s
energy is negligible. Since the potential energy depends on the comoving distance and the
initial comoving separation of the binary are small comparing with the mean separation
x x̄. Therefore, we will only consider the effect of this tidal field on angular momentum.
We will assume that the local tidal field is T ≈ Teq s−3, where Teq is the local
tidal field at the equality. This assumption could made because if so since if we consider
that the rest of the PBH is far, the tidal field would decrease with the scaling factor as
T ∼ ρPBH ∝ s−3. Similarly, it is the case of linear perturbations of the matter density,
due to the dependence of the local tidal field on the matter density as T ∝ s−3δm, where
δm is the size of the perturbation. During the deep radiation-domination era, the matter
density perturbations had a growth slow enough to assume it is as constant.
Given the local tidal field, we will obtain the force exerted to the binary as F = T · r.
Hence, the angular momentum is given by
l =
∫
























1We use the letters in boldface type to represent matrix notation.
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where we have used (3.19) equation in order to simplify the expression and the resolution of
the integral has been adopted from [21], where they assumed that λ 1 (i.e. h(s) ≈ s−2).
Once we have computed the value of the initial angular momentum, we can obtain the
reduced angular momentum using the equations (3.25) and (3.28) which is expressed as






where x̂ = x/ |x|.
To obtain the reduced angular momentum, we have to estimate the value of the local
tidal field at equality. As discussed previously, this field is provided by two sources, the
rest of the PBHs and the linear density perturbations. On both occasions, we will consider
the Newtonian approximation due to the comoving distance between all the PBHs, and
the binary y is very large compared to the comoving distance x. The tidal field generated









where we use the superposition principle to obtain the total tidal field and N corresponds
to the total number of PBHs.
Hence, we can compute the reduced angular momentum substituting in the (3.26) the












It is possible to compute the probability distribution of j since there are certain values of





|X = P(j/jX ) (3.29)
P(γ) ≡ γ
2
(1 + γ2 )3/2
, (3.30)
where jX = 0.5X. This probability distribution accounts for torques by all PBHs. There-
fore, we could obtain not only the value of reduced angular momentum but also the
probability distribution.
As already mentioned, there exists other possible contribution to the tidal field that
is produced by large-scale linear density perturbation Tij ≈ δms−3. To estimate this con-
tribution, we will assume that the linear density perturbation has a Gaussian amplitude.
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The reduced angular momentum corresponds to the convolution of the probability distri-
bution of all the PBHs and the large linear density perturbation. However, other simple
way to solve it is by the equation (3.29) with the characteristic value
jX ≈ 0.5(1 + σ2eq/f 2)1/2X . (3.32)
We will obtain the initial reduced angular momentum and its probability distribution.
These contributions to the angular momentum allow PBH binaries to have stability, in-
creasing the possibility of their existence at present.
3.2.4. Differential probability distribution of the time of merger
The primordial black hole merger rate depends on the probability of PBH merger
occur in an interval of time [t, t + dt] ,i.e. the differential probability distribution of the
merger rate dP/dt. In this section, we will obtain it considering the characteristic initial
properties of the PBH binaries.
We will start considering the differential probability distribution of (X; t), which it is













To get the reduced angular momentum in terms of time, we have to consider the
coalescence time. It is time that the PBH binary takes for collapse by the energy loss due
to the emission of gravitational waves. The coalescence time expression was determined
in 2.2.1, and it is given by
t = (3/170)(a4/M3)(1− e2)7/2 = (3/170)(a4/M3)j7 , (3.34)
where we assume that the initial eccentricities are close to unity and the (3.15) equa-
tion has been used.
After substituting the value of the semi-major axis from the previous sections in the
(2.26) equation, we have the following expression of the reduced angular momentum in
















Once obtained the reduced angular momentum in terms of the time and assuming an
initial uniform spatial distribution (see our development at 3.1.2 subsection), the (3.33)






e−XP(γx ) . (3.36)
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where it has been derived the (3.35) respect the time and we have used to simplify the
(3.29) function with γx ≡ j(t;X)/jx. Also, the (3.14) equation is used to simplify the
differential probability of X, given by (3.10) equation2.
Before computing the differential probability distribution of the time merge is worthy,
as we have discussed previously, to get the characteristic initial properties of PBH bina-
ries. Specially, we will deal with the characteristic 3 dimensionless separation X∗ since
the other properties depend on it.
Hence, considering that X∗  1 so e−X ≈ 1 and using the Bayes’ theorem, the












The characteristic dimensionless separation X∗ corresponds to the value of X that max-













= 0 . (3.38)
Since ˙(γx) 6= 0 then Ṗ (γx∗) = 0 and it is satisfied when j(t;X∗)/jx∗ =
√
2. Solving this
equation and using (3.32) and (3.35), we obtain the following characteristic dimensionless
value






Back to the calculation of dP/dt, now we only have to use that γx ∝ X−37/21 and γx∗ =
√
2

























where we have computed the last integral numerically ourselves.
3.2.5. Merger rate
This section aims to get the merger rate per unit volume at present R(t0). For this
purpose, the probability of an event occurring at the current time has been calculated in
the previous sections and now we only have to introduce the number of PBHs per unit
volume dNPBH/dV .
2As V0 = (4π/3)x̄
3 and V = (4π/3)x3, the ratio between them are V/V0 = (x/x̄)
3 = X.
3We so-called as characteristic to the most probable value. In the case of X∗, corresponds to the most
probable initial distance between PBHs.
25










where fρm represents the density of PBHs and we add 1/2 factor to avoid double counting
since they are binary systems.












where we have used (3.39) and (3.40) equations. Furthermore, we have consider that
ρm = 3.77 · 1019 M/Gpc3 and t0 = 13.78 Gyr.[1]
Once we have obtained the estimated merger rate per volume at present time, we can
compare it with the LIGO/Virgo data. This comparison will be done in detail in chapter
4. However, we could see some properties in Figure 3.2. The first property, which we
will expect, is that the merger rate increases as the abundance of primordial black holes
increases. This property is due to the fact that if initially there is a large abundance of
PBHs, more black holes will likely form binary systems since the distance between them
would be smaller. On the other hand, we will expect that there is a small kink around
fPBH = 10
−2. This kink is since as the black hole abundance decreases, the effect of linear
density perturbations on the tidal forces becomes more important than given by the rest
of the PBHs.
10−4 10−3 10−2 10−1 100





























Figure 3.2: The merger rate per volume unit as a function of the DM fraction of PBHs
fPBH at present. Solid line: merger rate per volume units for three different PBH masses
(10, 30, 1000) M.
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3.3. Generalisation of the merger rate for an extended
mass function
In the previous section, we have dealt with the simplest merger rate calculations
where we have considered that all PBHs have the same mass. Nevertheless, to obtain
a more realistic merger rate we have to consider an extended mass function. For that,
we will generalise the calculations carried out in section 3.2. Moreover, after the general
estimation, we will observe it for different mass functions and parameters described in
3.1.1.
3.3.1. Changes in the initial properties of PBH binaries
The distance given by (3.13) corresponds to the average comoving separation between
two neighbours PBHs with the same mass. However, we have to consider not only the
two PBHs neighbours will have different masses but also each mean separation between









which is similar to the (3.13) equation except we will consider that the abundance is given
by the extended mass function as dn = ψ(M)dM . Hence, we will estimate the average
distance between two PBHs neighbours with masses Mi and Mj as










where Mt = Mi + Mj is the total mass of the system and we use that Mi and Mj are
independent and identically distributed random variables, i.e. it is possible to consider
equal dMi and dMj . This set of equations is generally valid except when the two PBHs
have the same mass. In this case, we have to re-scale the abundance by a factor of 1/2,
i.e. (1/2)ψ(M)dM .
Once generalised the average distance between two PBHs, we will consider the results
of (3.20) equation taking into account that the gravitational force now depends on the


















Concerning now the reduced angular momentum, as we discussed previously it is given
by the local tidal field which depends on the gravity force, i.e. on the mass. Therefore,
the torque provided by both PBHs and linear density perturbation will be different if we
consider that the PBHs have different mass and abundance.
Let us now start from the result of (3.25) equation of the angular momentum. If we
substitute the new value of λ and we use the (3.15) equation considering that the total










(x̂× [Teq · x̂]) , (3.49)
so we can use the (3.27) equation considering that the PBHs, which generated by the





(x̂ · ŷ)(x̂× ŷ) . (3.50)
As we can see in the appendix A, if we consider the reduced angular momentum given by
(3.50), we have the same probability distribution of (3.29) and the characteristic reduced
angular momentum, i.e. jX = 0.5X. Note that the value of x̄ does not correspond to that
of the previous section.
Hence, considering the both effects, the characteristic reduced momentum is given by
jX ≈ 0.5(1 + σ2eq/f 2)1/2X . (3.51)
where X is now different since the mean separation between PBHs are now given by
(3.43).
3.3.2. Generalisation of the differential probability distribution
of the merger rate for the case of an extended mass func-
tion.
As noted in (3.2.4), the differential probability distribution of (X; t) depends on the
derivative of the reduced angular momentum respect to the time. Consequently, we will
obtain this reduced angular momentum in the function of time using their dependence with
the coalescence time. For this case, the coalescence time calculated in 2.2.1, considering







and therefore, by substituting the value of the semi-major axis (3.47) we have that the











Considering the reduced angular momentum and assuming that the spatial distribution
of PBHs is uniform, we will get a similar differential probability distribution of (X; t)
expression using the (3.33) equation. However, the dimensionless spatial parameter X












dXe−X/µP (γX) , (3.54)
where γX = j(X; t)/jX .
To resolve the last integral done in (3.40), we have to get the most probable initial
dimensionless separation X∗. As this is the same problem as discussed previously, we will
take its results j(t0;X∗)/jx =
√
2 and with them, using both (3.53) and (3.51), it has
been found that the characteristic dimensionless separation is






We will note that we will obtain the same result as (3.40) except of the factor µ−1, i.e.







We have to obtain now the number of PBHs per volume unit considering an extended
mass function. As the number density depends on the PBHs abundance of each of the
black holes, we can assume it is the minimum abundance between the two possible cases.
An extreme example of that is if there is a zero probability that a black hole with a
particular mass exists, the probability of forming such a binary system where one of the
black holes has that mass is also zero. Thus, the number density of primordial black holes












The differential merger rate per volume and time units at present assuming an extended
mass function and an initial uniform spatial distribution is
dR(t)
dMidMj






















where it has used the density matter of Universe value ρm = 3.77 · 1019 M/Gpc3. It
is easy to show that once we substitute the monochromatic mass function in (3.58), we
obtain (3.42).
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Figure 3.3: The differential merger rate of PBH binaries in function of each PBH masses.
For the case of the Power-Law mass function, α = 2.2 and δ = 30 M parameters have
been considered. To the case of Log-Normal has been used σ = 0.6 and Mc = 30 M. For
the Critical Collapse mass function, β = 2.85 and Mc = 20 M.
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Figure 3.4: The merger rate per volume unit as function of the DM fraction of PBHs
fPBH at present time. Black solid line: the merger rate for Power-Law mass function with
parameters α = 2.2 and δ = 20 M. Orange solid line: the merger rate for Log-Normal
mass function with parameters σ = 1 and Mc = 30 M. Magenta solid line: the merger
rate for Critical Collapse mass function with the parameters β = 2.85 and Mc = 30 M
Blue solid line: the merger rate for monochromatic mass function of M0 = 30 M.
On the other hand, we will see in Figures 3.3 and 3.4 the value of the differential
merger rate for different mass pairs and the total merger rate at present. We have ob-
tained Figure 3.3 considering ten values of each mass M1 and M2 and using both the
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mass function described in 3.1.1 and the differential merger rate equation (3.58). In Fig-
ure 3.4, we have integrated numerically in the mass range M1,M2 ∈ [3, 100]M the (3.58)
equation to obtain the total merger rate for each mass function. We have use sofware
programming to do it.
As we have discussed in the previous section, the merger rate begins to be dominated
by the linear density perturbation value σeq. This characteristic property is easy to see
in Figure 3.4. Furthermore, it is noteworthy that despite having different mass functions,
the merger rate does not diverge much.
3.4. Simplified estimation of the merger rate consid-
ering clustered spatial distribution with an ex-
tended mass function
Finally, we will obtain the merger rate assuming an initial clustered spatial distri-
bution. For that, we will consider our own clustered spatial distribution approximation
obtaining in 3.1.2. Although it is only an approximation, we could see how change the
merger rate when we assume the clustering effect. In addition, we will start from the gen-
eralised estimation of the merger rate with an extended mass function computed above.
The clustered spatial distribution assumption implies that the mean distance between
primordial black holes is defined by the PBH density and the factor so-called clustering
parameter ζ. Also, we will consider that the radius of the cluster, is longer than the mean
distance between primordial black holes x̃  x̄ . Hence, in this case, the expression for







It is straightforward to show that now the factor we have denoted as the mean distance
between black holes with mass Mi and Mj is x̄
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ij = 3Mt/(8πρeqfζ) and therefore, the value










This modification of the semi-major axis a will cause the angular momentum to also










It has also been shown in A.1.2 that the value of jx is the same as in the previous cases and
it can follow the same procedure. Therefore, the characteristic value of the dimensionless
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separation parameter X∗ is calculated in the same way as in the previous cases
4, except
that we have to introduce the clustering parameter, obtaining as a result






Using the values obtained in (3.56) and in (3.62) and following the same process as in
(3.58), we get that the black hole merger rate considering a clustered distribution is
dR(t)
dMidMj






















which is dependency of the clustering parameter is similar to the result of the article [27].
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Figure 3.5: Comparison of the total merger rate per volume unit as function of the DM
fraction of PBHs fPBH at present time assuming clustered distribution approximation
and uniform distribution. Black solid line: shows the merger rate for Power-Law mass
function with parameters α = 2.2 and δ = 20 M. Orange solid line: the Log-Normal
mass function with parameters σ = 1 and Mc = 30 M. Magenta solid line: the Critical
Collapse mass function with the parameters β = 2.85 and Mc = 30M. Striped lines: the
same total merger rate except we will consider a clustering distribution with clustering
parameter ζ = 100
However, these implications are not entirely exact since as the clustering increases,
other effects can arise that decrease the merger rate at present. One of these effects is
4Even though X∗ depends on ζ, this parameter will not increase X enough so that the condition that
e−X ≈ 1 is not fulfilled.
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the disruption of the PBH binaries, due to their increased density. This effect is based
on a third black hole approaching and staying close enough to disturb the binary system,
causing a change in the angular momentum or distance between them. It depends on the
effective cross-section of an encounter between PBHs that increases with the increasing
density and is, therefore, larger when PBHs are distributed in clusters. Articles as [33]
deal with this effect in the case of clustered spatial distribution. Nevertheless, as we deal
with the clustered case in an approximate method, we are only concerned with this effect
when taking a value for the clustering parameter.
We have decided to take some order-of-magnitude values of the clustering parameter
to see the effects on the merger rate. For that reason, we have considered the values
ζ ∈ {1, 10, 100}. Despite these values are reasonable according to the article [31], this
parameter depends heavily on the formation scenario that we have considered.
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Chapter 4
Comparison with the merger rate by
LIGO/Virgo
In this chapter, we will use the different merger rate models obtaining in chapter 3 to
get the constraints on the primordial black holes abundance. For that, we will compare
the experimental merger rate provided by the LIGO/Virgo detectors with the theoretical
merger rate we have obtained in each model, searching for the maximum value of abun-
dance for which both rates coincide. However, this is not straightforward when dealing
with more realistic models such as an extended mass function since it does not depend
only on the abundance value. Therefore, it is common to use a likelihood analysis, where
we analyse which merger rate parameters best fit the LIGO/Virgo data. This analysis
is beyond the limitations of this work. So, we will only analyse discrete characteristic
parameters of the mass functions. Although this approach implies a loss of generality, it
will reduce the number of parameters on which the merger rate depends. Thus, it will
be possible to obtain the constraints on the PBH abundance. Once we get them, we will
observe how they vary for different models and parameters and we will discuss them.
We will divide the chapter into three main parts. The first one will be an introduction
of the data to be used, section 4.1, the second part we will compare the theoretical merger
rate with Virgo/LIGO data, section 4.2 and the last part one the results obtained, section
4.3.
4.1. Introduction LIGO/Virgo data
LIGO and Virgo, as already mentioned, are two experiments capable of detecting grav-
itational waves located in the U.S.A and Italy respectively. For detecting these waves,
they observe the interference of two lasers to measure whether the GW have modified the
space of its length path. Nevertheless, gravitational waves are weak and can be affected
by detector noise. It is, therefore, common to compare the measurements between the
two detectors to rule out that the detection is coming from other sources.
The first confirmed gravitational wave event was detected by LIGO in 2015. Since
then, the LIGO team has carried out three detection periods, named O1, O2 and O3a, the
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last one took place in 2019 and the measurements doubling in the latter period. After
obtaining the measurements and checking for possible noise, the LIGO Scientific Collab-
oration and Virgo perform the analysis of the experimental data. For this, they use a
maximum likelihood analysis using a selected data for a set of typical astrophysical black
holes mass functions. With this analysis, they could obtain the parameters that best fit
the data of each mass function.
Using these mass functions and the number of events observed, they also estimate
the merger rate. Therefore, although an analysis of the theoretical models made in this
work based entirely on the LIGO/Virgo data is rather complicated, we can use the results
delivered in their last published article. In particular, we will use the differential merger
rate assuming a ’Power-Law + Peak’ mass function to compare since it is the best fit to
the experimental data. This differential rate can be seen in the Figure 4.1.
























Figure 4.1: Plot extracted from the article [28], where it is shown the differential merger
rate in function of one of the black hole mass M1. Solid line: the mean value of the
differential merger rate. Shaded: the R90% credible region.
However, such analyses cannot distinguish between primordial and astrophysical black
holes. Therefore, the merger rate obtained corresponds to primordial and astrophysics
black holes. It is also important to note that the detectors are limited to a certain pre-
cision in their measurements. So if the gravitational waves are not ’strong’ enough, they
are not detectable. This in turn places a limit on the measurement of black hole masses
since the mass is directly related to the amplitude of the GW. We could see in Figure 4.1,
where there is a low-mass cut-off.
It is noteworthy that these restrictions obtained from GW are not the only ones since
there are other effects as mentioned above. In some cases, we have to take into account
these restrictions due to other effects as explained in the introduction 1.
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4.2. Comparison of obtained merger rates
One of the objectives of this work is to obtain the maximum black hole abundance for
each model described in the previous chapter. To do so, we will compare the differential
merger rate obtained with these models with that of the LIGO/Virgo analysis as discussed
in the previous section. However, as the merger rate depends on the mass functions, which
in turn depend on two parameters (except for the monochromatic case), a full analysis of
all the cases is out of the scope of this work. We will consider instead only a few discrete
values of each main parameter of each mass function. These values should be sufficiently
different to cover the most interesting range of parameters. In addition, we will always
try to ensure that these functions are not too wide to exceeds the mass range [10−1, 103]
M since they would be restricted by other effects such as dynamic effects.
The values that have been selected for each parameter are as shown in Figure 4.2.
Once we have fixed one of the parameters of the mass function, we will calculate for each

























Figure 4.2: It shows the mass functions to be used in the analysis. It is important to
note that these functions also vary with the parameters Mc in the case of Log-Normal
and Critical collapse and δ in the Power law mass function.
For this purpose, we obtain dR/dM1dM2 using the equation 3.58 we developed in the
previous chapter. This function will be integrated for the value M2 in the mass range
[3,100] M, resulting in the function dR/dM1. Finally, we will compare this dR/dM1
function until we find which value of the PBH abundance intersects the upper limit of the
confidence interval given by LIGO/Virgo. This comparison is made in the interval [6, 85]
M since, as mentioned above, for small masses LIGO and Virgo lose sensitivity and the
upper limit is influenced by other effects. Through this comparison, we will estimate the
maximum value of the abundance of primordial black holes.
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Figure 4.3: It shows an example of a comparison between the differential primordial
black hole merger rate and the differential merger rate inferred by LIGO/Virgo. This
example is the case where a lognormal mass function with σ = 0.6 and Mc = 38 M has
been considered, observing that they intersect when the value of abundance is fPBH ≈
8 · 10−4. This intersection occurs around M1 ∼ 57 M.
The function dR/dM1 given by our model intersects with the upper bound at only
one value of M1. In this comparison, we are not seeking to fit our model to the upper
limit since we have to remember that this upper limit given by LIGO/Virgo includes
both possible primordial black holes and astrophysical black holes. So the difference in
the rest of the function can be considered the influence of astrophysical black holes on the
differential collapse rate. It can be seen in Figure 4.3.
This method will thus be useful to get the constraints for each of the mass functions,
as well as for the clustering approach or the ’monochromatic’ case 1. Nevertheless, the
comparison in this last case presents some problems since it is a narrow mass function
and therefore, it is not possible to obtain the constraints for masses lower than 6 M and
masses larger than 85 M.
2 Therefore, we will no longer compare the differential merger
rate but the total merger rate of the primordial black holes for the range masses [0.1,
2] M and [100, 400] M. In this way, we could consider the upper limit of the total
merger rate credible region obtained in the experimental analysis and compare it with
the one obtained with the equation (3.42). It will allow us to obtain the constraints in
most of the PBH mass range. This upper limit will be taken from the article [34] and
their recent update [35] in the mass range [0.1, 2] M. We have decided to take both in
order to observe their differences since the first one is an analysis of the first two O1 and
1Monochromatic constraints can not be obtained with this method. However, we will use a Log-Normal
mass function with a low standard deviation that we consider as monochromatic.
2It should be noted that if we consider such a mass function and we take a value of Mc outside the
comparison range, as the value of dR/dM1 is not extended, it will not fall within the comparison mass
interval.
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O2 detection and the second one includes the O3a data. The last one has been published
recently [35]. So we can update the PBH abundance constraint. For masses larger than
85 M, we will use the upper limit R90% from [36] where they perform an analysis of the
PBH merger rate and consider only the O1 and O2 measurements.
Despite this, there will still be a small gap between constraints where it is not possible
to derive the constraints using these comparison methods. In this range, an interpolation
can be performed using the constraints given by both comparison methods. This interpo-
lation is only for visual purposes. Nevertheless, our comparison method is valid for any
analysis where the upper limit of the confidence region of the experimental merger rate
is obtained. It allows us to update the constraints as more recent LIGO/Virgo data or
other future experiments are published.
4.3. Constraints in the abundance of PBHs
The constraints on the abundance of primordial black holes provide us with informa-
tion about this dark matter candidate since they allow us to distinguish which masses
of primordial black holes would be most probable and at what is their abundance. As
more and more events are obtained in the LIGO/Virgo detectors, these constraints will
be updated and we will hence be able to determine, together with the others constraints
given by other effects, what approximate fraction of matter is constituted by PBHs in our
Universe. It is also worth noting how it varies according to which initial conditions as the
mass function and to observe their importance in the merger rate calculation.
Using the method explained in the previous section, we will obtain the maximum
abundance of black holes for the monochromatic case in section 4.3.1, for the case of an
extended mass function considering the parameters given in 4.2, in section 4.3.2. We have
also added the clustering factor to observe how the constraints change in section 4.3.3
and finally, we will compare some of our results with those given in article [37] where they
have performed a different calculation, in section 4.3.4.
4.3.1. PBHs constraints assuming a monochromatic mass func-
tion
As discussed above, to obtain the constraints in the monochromatic case, we have to
perform at least two kinds of comparisons. One for masses smaller than 2 M and larger
than 85 M and another one for masses between 6 M to 85 M. We can use this method
only if an extended mass function is considered. So, we have to approximate the Dirac
delta to a Log-Normal mass function with a very small sigma of σ = 0.05. Although
we can make a similar approximation for the other mass functions, this is the simplest
case. This approximation will provide a modest error in our calculation. However, we
will perform a rough estimate of the maximum abundance of PBH in that interval.
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These methods allow us to obtain values in the intervals [0.1, 2] M, [6, 85] M and
[100, 400] M, covering a large portion of the range of masses between [0.1, 10
3] M.
Hence, we will also show the constraints if we extrapolate between the two intervals. The
result is shown in the Figure 4.4.
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Figure 4.4: Constraints on the fraction of DM that PBH constitute , fPBH assum-
ing monochromatic mass function. Blue: corresponds to the interpolation between con-
straints. Red: results obtained by comparison with [28] for a intermediate mass (I.M.)
PBHs . Purple: results obtained considering [34] for Sub-solar masses (S.M.). Orange:
results obtained using the comparison with updated with [35], where they add the O3a
data. Green: results achieved comparing with [36] for high masses (H.M).
In addition, several properties can be observed in these constraints. The first one
is that we will see that the comparison made with article [34] is more stronger when
the O3a data is added. This difference could be since no merging of subsolar-mass bi-
nary primordial holes has been observed so far in any data collection. It implies that,
despite increasing the exposure time, it has not yet been possible to measure PBHs in O3a.
Another property that is also related to this effect is the mass peak around MPBH ∼
30M. This peak could be explained by the fact that LIGO and Virgo have high precision
in that mass range, and the data are slightly biased. As we have used these data to derive
the constraints, they are also influenced. Since we have considered that some of these
observations are caused by primordial black holes, these constraints become weaker as
there are more events. For this reason, a noticeable peak in the function.
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On the other hand, we will observe that the constraints obtained for large mass do
not form a ’continuous’ shape with the result of intermediate masses. We can note that
the constraints of the method used for large masses are weaker. This is probably due to
the fact that [36] only used data obtained from O1 and O2 and in [28] the data of O3a is
also considered. So, as with the low mass constraints, the effect of adding O3a will make
the constraints stronger.
It can also be concluded that the fraction of DM that PBHs constitute for the range
of masses 1-10 M is roughly estimated to be fPBH ≈ 5 · 10−3 and for the range 10-100
M corresponds to fPBH ≈ 5 · 10−4 in a approximately way. Also, we will consider that
the constraint obtained for a monochromatic mass function is the one shown in the figure
4.5. The constraints obtained with the most recent article [35] have been considered as
valid and the gaps have been fitted by interpolation.





















1032 1033 1034 1035 1036
MPBH [g]
Figure 4.5: Total constraints on the fraction of DM that PBH constitute, fPBH assuming
monochromatic mass function. It is the same result as we have shown in Figure 4.5, except
for the fact that we have collected them together.
4.3.2. PBHs constraints assuming an extended mass function
In this subsection, we will assume that the primordial black holes have an extended
mass function. This assumption implies that the method explained in section 4.2 for
obtaining the constraints is valid over the whole interval. On the other hand, we have
to consider the limited scope of the work. Hence, we have only obtained the constraints
for the cases shown in Figure 4.2. This procedure would be valid for any value of these
parameters that we have set, as long as they fall within a reasonable interval. We will
select the parameters to encompass the major number of cases and for the interest to the
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comparison with other articles’ results. These restrictions are shown in Figure 4.6 where
it is possible to observe the difference both between the same function when varying the
main parameter {σ, β, α} and between different mass functions.
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Figure 4.6: Constrains on the fraction of DM that PBH constitute , fPBH assuming
extended mass function.Top left : constraints for the case a Log-Normal mass function.
Top Right : constraints for the case of Critical Collapse mass function. Bottom centre:
constraints for a Power-Law mass function.
Some common properties can be observed in all mass functions. One of the most
trivial to note is that if we assume a wide mass function, we will obtain a wider constraint
that expands over a huger range of masses. For this reason, We have discussed above
that such a function with a large σ > 1 and α > 5 or low β < 1 would not be entirely
appropriate, as we would have to take into account the constraints of other effects (Dy-
namical, Accretion, etc) as we could see in Figure 1.1. However, if we increase or decrease
these values sufficiently, and the mass function becomes very narrow, the value of the
constraints abundance would be weak for many of the mass range, in some cases allowing
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us to come close to constituting all the dark matter. For instance, if we consider a high
value of β, the range of mass [1, 10] M and [200, 1000] M we could have a maximum
abundance equal to one.
Another of the common properties is that the maximum abundance for a 10-100 M
PBH masses are lower than the other range of mass. This means that for this mass range
a much larger number of detected events would be expected. Also, this is affected by
considering whether or not the measured black holes are primordial, as in the case of the
monochromatic case. In fact, it can be observed that for the mass range 30-40 M the
peak is maintained, although much less noticeable. So we can conclude that for masses
between [10, 100] M in neither case will it be possible to obtain that the primordial black
holes constitute all the dark matter, on the basis of the observations so far. It can even
be approximated for that range of masses that for any sufficiently narrow mass function
the constraints will be around the value of fPBH ≈ 10−3 which is still weaker than if we
consider a monochromatic mass function as seen in the previous subsection.
There are also differences when considering different mass functions, such as how the
abundance value increases for small masses. It is easy to see that for the Log-Normal
case, the constraints tend to extend more while the Critical Collapse mass functions have
a much sharper cut-off, especially when considering a Power-Law type function. This
mass function considers a minimum mass of primordial black holes, in this case, has
been considered to be the most common value corresponding to 3 M and hence, this
is reflected in the constraints. The other clear difference between the Power -Law mass
function and the other functions is that the variation of the parameter α does not affect
the restrictions too much since it only extends them a little more to higher mass ranges.
However, for the Log-Normal and the Critical Collapse mass function, we could see that
by decreasing or increasing the parameter, the constraints change.
4.3.3. PBHs constraints assuming clustering and an extended
mass function
In this subsection, we will consider that merger rate is given by (3.63) instead of (3.58)
i.e. we will include the clustered spatial distribution case with an extended mass func-
tion. This case implies a change in the constraints on the abundance of primordial black
holes. There are many possible values of the clustering parameter and mass function
parameter to be analysed. Nevertheless, as the objective is only to observe the effect,
we will compare it with a clustering effect in orders of magnitude ζ ∈ {1, 10, 100} with
the most representative parameter values for each mass function. It has accordingly been
considered for the Log-Normal mass function a characteristic parameter σ = 0.6, for the
Power-Law α = 4 and for Critical Collapse β = 2.85. The approximate constraints are
shown in Figure 4.7.
To estimate the effect of clustering, we will consider that there exists an excess proba-
bility of locating a black hole in a given volume. This excess has been considered constant
over a certain distance of the cluster, obtaining the result of (3.58), where only a constant
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parameter in the differential merger rate is added. Since this factor does not influence
the shape, we will expect that they have the same shape.
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Figure 4.7: Constraints of the fraction of DM that PBH constitute , fPBH assuming
extended mass function and clustered spatial distribution. Top left : constraints for a Log-
Normal mass function. Top Right : constraints for the Critical Collapse mass function.
Bottom centre: constraints for a Power-Law mass function.
However, if we consider a higher clustering parameter, the value of the merger rate
increases as there is a higher probability of binary formation. This increase in the ex-
pected merger rate causes the constraints to be stronger, as can be seen in Figure 4.7.
In addition, we will observe the discrepancy of the constraints when considering different
clustering parameters. We have also estimated that the fraction of the abundance of pri-
mordial black holes decreases ∆fPBH ≈ 5 ∼ 10−4 when consider a clustering parameter
ζ = 100.
The impact of clustering into the PBHs abundance constraints is small, from the
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point of view of the approximation made in this work. We can hence consider that the
constraints without clustering can encompass the clustering case if we account for possible
errors in the comparison methods.
4.3.4. Constraints comparison
We will compare the results with the results obtained in the article [37] to analyse
the differences and similarities. In this article, the calculation is only performed for the
monochromatic case and the case of a Log-Normal mass function with σ = 0.6, so the
comparison will only be made with those results, which have already been shown in
the previous subsections. This comparison can be seen in Figure 4.8. We will observe
that there are discrepancies between the two models. However, both the shape and the
approximate magnitude range of both are in agreement. It can be assured that our
approximation method has given results in agreement with the expected ones.
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Figure 4.8: Comparison between the PBH abundance constraints obtained in this work
and the obtained in [37]. Left : comparison when we assume monochromatic mass function.
Right : comparison when we assume Log-Normal mass function with σ = 0.6. The dashed
green line indicates the result obtained by [37] when considering that none of the observed
events have been originated by PBHs (N.E.).
Let us now analyse the possible causes of this discrepancies. Looking at the plot on
the left, i.e. the comparison when a monochromatic mass function is assumed, quite a few
discrepancies can be observed. It can be seen that for masses in [6, 85] M the constraints
proposed by the article are stronger than those obtained in this work. The reason for this
is that the article [37] assumes that all black holes observed in LIGO/Virgo are astrophys-
ical. As we have discussed above, this assumption places much more severe constraints
on the merger rate, since a lower abundance of primordial black holes is required for the
merger rate to coincide with no observation at all. This difference is observable when
comparing both plots, including the peak discussed in the previous subsection.
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Moreover, we are interpolating between mass intervals, so our plots in the region of
interpolation must be considered merely as an educated guess. Nevertheless, the maxi-
mum discrepancy is observed for sub-solar mass values. A possible explanation for this
discrepancy is the consideration of binary disruption and other merger rate suppression
factors like the collision between PBHs. These factors increase in strength when fPBH is
larger since the number of PBHs increase these effects has a major probability to occur.
Therefore, if they consider these suppression factors, the expected merger rate decreases
and makes the constraints weaker, especially at the extremes. For the case of large masses,
a similar situation occurs, although it cannot be observed since these constraints only ex-
tend up to 400 M. If we extrapolate, we notice that these constraints proposed in the
article also decrease more rapidly than those obtained in this work, which confirms the
possibility that this is due to the suppression factor. Finally, it is noteworthy that the
data selection does not have to be the same. In fact, in a high mass, we have considered
O2 run, and the article takes the data for O3a.
The situation is different for the comparison of the constraints assuming a Log-Normal
mass function. In [37], they realized two different analysis for the Log-Normal mass func-
tion. One in which it is considered that none of the events detected in O3a are primordial
black holes, shown in dashed lines and other analysis in which they consider that all merger
detected is PBH. Also, they assume that the intermediate zone between both restrictions
is when part of the observed events are primordial and the rest are astrophysical. This
region is where the function obtained in this work should be. Nevertheless, in general, the
constraints obtained are weaker. The reason for the discrepancy could be the selection of
the LIGO/Virgo data and the method used.
To sum up, we have developed a simpler method than the careful likelihood analysis,
and we have obtained results in line with them. Hence, this method can be used for
observing the properties of the constraints assuming different initial conditions.
4.4. Current constraints scenario
Finally, in this last section, we will show the monochromatic and the Log-Normal
functions, together with other effects. We will choose them since they are the most
common. In this way, we can observe the current scenario of the total constraints on
the abundance of primordial black holes3. In these figures, it is seen that although at
high masses there are already other types of constraints that limit the abundance of
primordial black holes. Nevertheless, in the mass range [1, 100] M these constraints set
the abundance. We have changed the GW constraints of Figure 1.1 to the results obtained
in the previous sections.
3The data for the rest of the constraints have been obtained from https://github.com/bradkav/
PBHbounds/
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Figure 4.9: All constraints on the PBH abundance, fPBH, with mass MPBH. They
coming from PBH evaporation, microlensing, PBH accretion, dynamical constraints and
the constraints obtained in this work, for a Log-Normal mass function (σ = 0.6) by GWs.4
.
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Figure 4.10: All constraints on the PBH abundance, fPBH, with mass MPBH. They
coming from PBH evaporation, microlensing, PBH accretion, dynamical constraints and
the constraints obtained in this work, for a monochromatic mass function by GWs.5
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We could observe that the only mass range in which primordial black holes can con-
stitute all the dark matter is [1018, 1021] g, a range of masses similar to the asteroid mass.
The reason for this is not that there are no constraints in that mass range but that the
experiments are not yet sensitive enough to detect these PBHs. Even so, there is still
much work to be done before we can conclude that black holes are now a part of dark
matter. It is expected that improvements in both the theoretical developments of the
evolution and formation of primordial black holes such as those discussed in this work
and the experimental developments by extending the range and precision of experiments
will determine the complete PBH constraints.




Conclusions and future work
Primordial black holes have become one of the most popular dark matter candidates
in recent years due to the wide range of masses they could have and since experiments can
now detect their effects. Hence, if one establishes a background theory of such effects and
compares it with the measurements that are being obtained by current experiments, it is
possible to get constraints on the fraction of dark matter they constitute. These effects
are, among others, the microlensing effect, evaporation, accretion effect and gravitational
wave emission.
In this work, we have obtained constraints on the abundance of primordial black holes
using the most recent gravitational wave measurements from the LIGO and Virgo experi-
ments. Furthermore, it has been analysed how these constraints behave when considering
different assumptions such as a clustering distribution or an extensive mass function,
which is more realistic. This process is not straightforward, so some of approaches have
been considered and discussed throughout the work.
We have had a brief discussion on what could cause the formation of primordial black
holes. In this discussion, we have focused on the most simple formation process, which
is the collapse of large density perturbations in the radiation-dominated era. We have
also noted that, even if we are considering the most simple formation process, the current
knowledge about the properties and initial formation conditions of primordial black holes
is scarce. Therefore, we have to include as many scenarios as possible, assuming different
initial assumptions.
A review of the evolution of PBHs was also done, focusing on the case of binary sys-
tems. The number of these binary systems formed in the early universe depends on the
abundance of PBHs and their clustering properties since they require to be close enough in
the early Universe for the gravitational force to overcome other forces such as the Universe
expansion. Once the PBH binaries are formed, they will generate gravitational waves as
they orbit, losing energy in the process. We have derived in this work the calculation
of the time required for this kind of binary system to merge, considering the emission
of gravitational waves. Finally, we have explained that an inspiral gravitational wave is
created in the merger of these systems, which can be detected on Earth by experiments
such as LIGO and Virgo. These detections allow us to obtain the experimental merger
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rate by analysing these GW.
The basis of this work is the theoretical development shown in chapter 3. In the pre-
liminary sections, we have shown the implications of assuming different conditions such
as the clustering effect or the extensive mass functions. Afterwards, the theoretical devel-
opment to obtain the merger rate of the simplest case, i.e. the monochromatic one, has
realised and then generalised. As a result, the different merger rates for each model have
been obtained.
Moreover, the different theoretical models proposed and the most recent analyses
published by LIGO/Virgo have been used to obtain the constraints on the abundance
of primordial black holes. We have decided to perform a basic comparison since a more
rigorous analysis was beyond the time constraints of the work. Nevertheless, we have got
that the discrepancy with the analysis performed in the article [37] is not very significant.
To sum up, we have obtained that the maximum abundance for primordial black holes
in a range of masses [6, 90] M is fPBH ≈ 10−3 assuming an extensive mass function.
This abundance value decreases by one order of magnitude in the case of a monochro-
matic mass function, i.e. fPBH ≈ 10−4. Finally, in the clustering approach, if a high
clustering parameter is considered ζ = 102 the constraints become tighter, reaching max-
imum abundance values of fPBH ≈ 10−5. This analysis suggests that primordial black
holes in this mass range constitute only a small fraction of the dark matter. Nonetheless,
this fraction may be significant enough to affect some cosmological phenomena that are
currently under study.[38] Consequently, the study of these dark matter candidates is far
from closed.
Although our calculations have been done in a detailed way, it has not been possible
to explore all the concepts and effects that can occur in the dynamics of primordial black
holes due to the limited scope and time scale of this work. Some of these future works
could be:
Firstly, a future work that could be done would be to obtain the constraints by
performing a likelihood analysis. This kind of analysis searches for the parameters
of the merger rate that best fit the selected data from the LIGO/Virgo experiments.
This analysis is more rigorous than the one done in this work. It includes the possible
detector bias, the maximum measured redshift and among other factors. Therefore,
it would be of great interest to start from the theoretical results obtained here and
observe the form of the constraints and if they fit the PBHs constraints given by the
approximation. Additionally, more complex mass functions such as Multi-peak or
broken Power-law can be considered using this procedure for fitting both primordial
black holes and astrophysical black holes simultaneously.
It is not still known whether the initial spatial distribution of the black holes is
uniform or clustered. It is convenient to consider both cases in detail. However,
we have not done a complete theoretical development of the clustering effects since
it was beyond the scope of the work. For that, we have approximated the two-
point correlation function to be constant over a certain distance, but in reality
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this approximation may not be fulfilled. Hence, a careful study should contain
more information on what happens if the correlation function depends on the PBHs
distance in different ways.
A further area of great interest in the theory of primordial black holes is the knowl-
edge of their formation. As discussed in this work, there are many ways in which
these massive objects can be formed, and studies have been done on which type of
formation causes which mass function. For instance, a topical case is the formation
of primordial black holes by pressure decay in the QCD transition, as the pressure
prevents the collapse of PBHs. This scenario of formation results in a Multi-Peak
mass function with determined parameters. Using an analysis similar to the one
discussed in this work would make it possible to obtain better constraints if we
consider this scenario.
Finally, another future work is to consider more possible effects that could occur
during the evolution of primordial black holes and to study the variation of the
PBHs constraints. Some of these effects have already been mentioned in this work,
such as the disruption of binaries or the creation of PBH binaries at the present
time. Nevertheless, they have not been discussed in detail. Disruption considers the
probability that a third very close black hole will perturb the characteristics of the
binary system. [33] On the other hand, if two black holes are close enough at present
they could result in a binary system that would collapse and contribute to the
merger rate.[39] Also, there are more possible effects that have not been mentioned,
such as the possibility that the remaining dark matter influences the merger rate,
the so-called ”dark dress” effect, or the accretion of baryons in their evolution.[40]
All these effects complicate the calculation of the merger rate but make the model
more realistic and contribute to the development of black hole dynamics.
This work allowed me to develop my knowledge about branches such as Cosmology and
Astrophysics. In addition, I have been able to contribute to the primordial black holes
theory with our approximation for the case of clustered spatial distribution and with the
development of a simple method to obtain the abundance constraints assuming different
mass functions. Finally, I would like to emphasise that I had learned a lot about software
programming and of course, about English to be able to elaborate this work.
We can conclude that this work can be used as an estimation of the fraction of dark
matter that constitutes primordial black holes for different simple cases in an approximate
range of mass [1, 100] M. Moreover, we have used the most recent LIGO/Virgo analysis
to update these constraints. This work is a basis for future works on this dark matter
candidate. We have therefore achieved the objective of providing some light on this
problem in physics at present.
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Appendix A
The reduced angular momentum
probability distribution
In this appendix, we will obtain the probability distribution of the reduced angular
momentum giving by the rest of the PBHs. Firstly, we will obtain it assuming a monochro-
matic mass function and then, we will generalise it to the rest of the models. The solution
obtained in this appendix will be used to develop the theoretical models of chapter 3.
A.1. Reduced angular momentum by other PBHs
As we have discussed in section 3.2.3, the reduced angular momentum by all the
PBHs is given by the equation (3.28), which corresponds to the super-positions of many
variables that depend on some probability laws. These dependencies imply that the
probability that the value of angular momentum lies between j and j + dj is complicated
to obtain. Therefore, one of the most common methods for solving this type of probability















where WN is the probability distribution, φ represents the property to be studied, N is
the number of variables that we will consider, τ is the probability of a giving coordinate
q and φ0 is a preassigned value of φ.
[41]
To obtain the reduced angular momentum probability distribution by Markoff’s method,
we will assume that the PHBs are uniformly distributed in a spherical volume V . Also, we
will consider that the volume and the number of PBHs N tend to infinity simultaneously
in a way that the density n = N/V is always constant. As j is perpendicular to x̂, we
only have to consider two dimensions. Therefore, using (3.28) equation, the probability
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y‖ ρ · y⊥
)]
dy3 . (A.6)





(1− /V )nV = e−n . (A.7)
We now can simplify , rotating the component yq⊥ as (y · x̂)x̂ + x̂ × y and we will use






























where we have changed the variables to
ŷ = sin(θ) x̂ = cos(φ) ρ̂ = sin(φ) and µ = cos(θ) .
The integral of the exponential on (A.8) corresponds to the zero-order Bessel function
J0(v(1 − µ2)). We will also simplify it more, by making another variable change as























exp (iρ · j− jXρ) dρ2 , (A.10)
where jX ≡ 0.5X. Once the probability distribution in two dimensions has been deter-



















The result that we have obtained corresponds to the equation (3.29).
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A.1.1. Generalisation of the reduced angular momentum for an
extended mass function.
In this subsection, we will generalise the calculations of the probability distribution
function of the reduced angular momentum for an extended mass function. For this
reason, we have to consider the contribution to the total reduced angular momentum of










(x̂ · ŷl,q)(x̂× ŷl,q) , (A.12)
where yl,q is the comoving separation between the binary and the q-th PBH with mass
Ml, Nl are all PBHs with mass Ml and P is the number of possible masses. Hence, we



















































































































This problem is similar to the previous one except for a factor 2Ml/Mt in the exponential,
and the productory. Therefore, the result obtained in (A.9) will also be a solution to this







































It is now easy to see that the summation corresponds to the total mass density of all


















x3 = 0.5X , (A.20)
and the reduced angular momentum probability distribution is the same as (A.11).
A.1.2. Reduced angular momentum by other PBHs in a clus-
tered spatial distribution
Finally, we will see how the reduced angular momentum is affected by the clustering
effect, considering our approximation done in 3.1.2.2. This subsection is based on the
results that we have obtained in the previous subsection for an extended mass function.





















= (1− l/V ζ)nV ζ ,
(A.21)
where l is the same as (A.15).
Since the clustering parameter has considered as a finite constant, we will consider that











Since l has the same value, we will solve this problem in a similar way as in the previous
sections. However, It is noteworthy that there is a change in the equation (A.18), where
































= exp ( jXρ ) ,
(A.23)
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